A Lorentzian version of the non-commutative 



geometry of the standard model of particle 



o ; physics 

> 
o 

£h ! John W. Barrett 

> 

^ ■ School of Mathematical Sciences 

(N ' 

q ■ University of Nottingham 

University Park 

6h! Nottingham NG7 2RD, UK 

D 

> 

j_l ■ john.barrett@nottingham.ac.uk 

31 August 2006, revised 3 November 2006 

Abstract 

A formulation of the non-commutative geometry for the standard 
model of particle physics with a Lorentzian signature metric is pre- 
sented. The elimination of the fermion doubling in the Lorentzian 



case is achieved by a modification of Connes' internal space geometry 
so that it has signature 6 (mod 8) rather than 0. The fermionic part 
of the Connes-Chamseddine spectral action can be formulated, and it 
is shown that it allows an extension with right-handed neutrinos and 
the correct mass terms for the see-saw mechanism of neutrino mass 
generation. 

1 The Euclidean model 

The hidden geometrical structure of the standard model of particle physics 
was discovered by Connes using non-commutative geometry [C]. His model 
suffers from two defects from the physical point of view: firstly that the space- 
time metric is Euclidean, and secondly that each particle appears four times, 
not oncefLMMS, GISJ. The purpose of this paper is to give the analogous ge- 
ometrical framework for the standard model with Lorentzian signature which 
also, at the same time, solves the particle quadrupling problem. This model 
allows the introduction of neutrino masses using the see-saw mechanism. 

Connes' formulation of non-commutative geometry is a real spectral triple 
[CRJ . This consists of a Hilbert space H, an algebra A of bounded operators 
in H., and the Dirac operator D, a self-adjoint operator in Ti,, together with 
a chirality operator 7 in H. and an antilinear map J on TC called the real 
structure. The chirality satisfies 7 = 7* and 7 2 = 1 and the idea is that 
its two eigenvalues label the left- and right- handed particles, left-handed 
particles having eigenvalue 1, right-handed -1. This data satisfies a number of 
axioms, some of which depend on an integer parameter mod 8, the signature 
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of the geometry, a. If a is even, these axioms are 

J 2 = e 
J 1 = e " 7 J 

where e and e" = ±1 are given by the table 

a 2 4 6 
e 1 -1 -1 1 
e" 1-11-1 

The parameter a was previously identified by Connes as the dimension of the 
spectral triple. This makes sense for Euclidean geometries, where, by analogy 
with a Riemannian metric, signature and dimension are the same thing. 
However for a Lorentzian metric, signature and dimension are different. 

The geometry of the Euclidean standard model is a product of a real 
spectral triple (TIm, Am, Dm, 1m, Jm) for the space-time manifold M with a 
finite-dimensional real spectral triple (Hf, Af, Dp, If, Jf) for a non-commutative 
'internal space'. The Hilbert space Tip is constructed with basis the 45 ele- 
mentary fermions, counting left- and right-handed particles separately, and 
another 45 basis vectors for the antiparticles of the same fermions. Since the 
space Hm is the Hilbert space of Dirac spinors on M, the particle quadrupling 
phenomenon is apparent. The total space of fermions is 

n = Hm^Uf- 

A given elementary fermion, for example a left-handed electron e L e Hf, 
determines a subspace of wavefunctions = ip ® 6l + i])' ®&l £ 7~C, where 
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e-L = Jf^l is the independent basis vector corresponding to the antiparticle, 
and if) and ip' are arbitrary Dirac spinors. In the standard model, ei should 
only have a Weyl spinor, so the degrees of freedom are overcounted four-fold. 
One would like to reduce the space Ti by imposing the relations [BKJ 

Jcf) = 4> 

and 

70 = <p 

where J = Jm <£> Jf and 7 = 7m ® are the real structure and chirality 
for the total space Ti. However this does not make sense; their consistency 
would require 

J 2 = l 

and 

J7 = 7J 

which hold only if the total signature is equal to zero. The total signature 
for the Euclidean model is unfortunately four. 

2 The Lorentzian model 

To construct the Lorentzian signature model it is necessary to replace the 
spectral triple for the manifold by the analogous structure for a Lorentz- 
signature space-time. The guiding idea for this paper is that the structure 
of the internal space is determined by the requirement that it should be 
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possible to eliminate the quadrupling of the fermions by imposing the ad- 
ditional requirement that the physical fields are simultaneously eigenvectors 
of J and 7. The result, explained below, is that the internal space is thus 
determined to be a real spectral triple of signature six. Since it corresponds 
to a O-dimensional manifold (having a finite-dimensional Hilbert space), one 
can see that it is also in some sense Lorentzian. 

In a Lorentzian geometry the usual formula for the inner product of 
spinors 



(written here for Minkowski space) is indefinite, and so 7i M is no longer 
a Hilbert space. The spinors in Hm are taken to be smooth functions of 
compact support, though one could probably accomodate other boundary 
conditions as required by quantum field theory. The Dirac operator is self- 
adjoint, i.e. 



The chirality operator 7^ is also self-adjoint if its eigenvalues are defined as 
+i for left-handed particles and —i for right-handed ones. Clearly, 7^ = — 1. 
The real structure Jm is charge conjugation. 
These obey the relations 




DmIm + 1mD m = 



DmJm — JmDm 



JmIm — ImJm 



In addition, compatibility with the algebra of functions Am is expressed by 
the relations 

7 M a = a 7M 

Jm^J m = a * 

[[D,a],b] = 0, 

for all a,b G Am- 

Following the guiding principle explained above, the product of this ge- 
ometry with a real spectral triple having a finite-dimensional Hilbert space 
is now computed. The signature of this internal space is for the moment 
arbitrary. The product geometry is 

n = n M ®u F 

A = A M ® A f 
7 = 7m <S> If 
J = Jm <8> Jf 
D = D m ®1 + 1m®D f . 
A calculation shows that this product geometry obeys the relations 

D* — D 

7=7, 7 = -1 
£> 7 + 1 D = 

6 



DJ = JD 

J 7 = e " 7 J 

J 2 = e 

where e, e" are determined by the signature a of the internal space, together 
with the usual relations for the action of the algebra 

7 a = 07 

[Ja*J-\b] = 

[[D,a], Jb* J- 1 } = 

for all a, 6 G A. The last of these is called the first-order axiom. 

Since the eigenvalues of 7 are now ±i, consistency in applying the addi- 
tional relations 

7^> = m 
3^ = * 

to H to define the physical subspace of fields /C C H requires that 

J 2 = l 
J 1 + 7 J = 0, 

which is satisfied only when a — 6. Thus the requirements of the standard 
model can only be satisfied if the internal space is taken to be a finite- 
dimensional real spectral triple of signature six. 
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In this case, one can understand the physical content of the constraints. 
For an electron field (p = tp <8> + ip' ®ei E K,, they require that ip is a left- 
handed spinor, and that ip' = Jm^>, the charge conjugate. Thus the physical 
degrees of freedom are accurately represented. 

3 Modification of the internal geometry 

Such a triple of signature six can be constructed by modifying the construc- 
tion of Connes. The Hilbert space Hp and algebra Af = C©H©M 3 (C) are 
the same, with the same action, but 7^ is defined by 

JfIl = fh 

IfJl = ~Jl 
IfJr = -Jr 
If/r = /r, 

using the notation fa for a left-handed fermion and f L for the antiparticle. 
The operator J F is defined to be 

Jf!l = f L 

JfJl — Jl 
JfI'r = f R 

JfIr = fR- 
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Poincare duality cannot be satisfied with this data as the intersection form 
is a 3 x 3 antisymmetric matrix, and hence not invertible. However this does 
not affect the calculations above. 

The product geometries are candidates for the vacuum of the standard 
model. The axioms Dp = D F , D F ^ F + ^fD f = and D F J F = J F D F 
constrain the Dirac operator to the form 



D F = 
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°) 



using the basis (fi, /r, f L , f R ), i.e. all the left-handed fermion basis vec- 
tors, followed by the right-handed ones, etc., where G and H are complex 
symmetric matrices. The first-order axiom constrains M, G and H further. 
According to the argument of Krajewski [K], D F can be decomposed by 
D F = Dl + Dr, where Dl commutes with the defining action ('left') ac- 
tion of A and Dr commutes with the 'right' action Ja*J _1 . The structure 
of Dp can thus be read off from the table of charges of the fermions. Let 
(A, q, m) G C © H © M 3 (C). Then on each irreducible piece of Hf only one 
of these summands acts, as shown here. The particles in the table are the 
left-handed leptons, the right-handed electron, the left-handed quarks, the 
right-handed down quark and the right-handed up quark (and their genera- 
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tion partners). 
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This means that the matrix M has the same structure as in the Euclidean 
model: non-zero matrix elements connect the right-handed electron with the 
left-handed leptons, and the right-handed quarks with left-handed quarks. 
However the first-order condition forces G to be zero. The matrix H is 
allowed non-zero entries which connect ur with e R (and similarly ur with 
However these matrix entries are expected to be zero in the physical 
vacuum. This situation is somewhat similar to the possibility of lepto-quark 
terms in the Euclidean model [PSSJ. 

The model can be extended to include the right-handed neutrino, and the 
results are then rather different from the Euclidean case [BP] . Following [S] , 
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the table of charges is extended as follows. 

particle left action right action j F 
v R A A -1 

v R \ A 1 

The matrix H is also extended and the first-order condition allows terms 
which connect vr with Vr (as well as with e# and ur). 

4 Fermionic action 

These terms in the Dirac operator can be interpreted in terms of the action 
of the standard model. For the Euclidean case, this action is the Connes- 
Chamseddine spectral action [UU] . Whilst it is not yet clear what the ana- 
logue of the bosonic part of the spectral action is for the Lorentzian case, the 
fermionic part 

(*,£)*) 

can be used unchanged. To understand this formula, it is necessary to take 
account of the fact that fermionic fields are anticommuting Grassman vari- 
ables in quantum field theory. To show that this formula gives the usual 
action, consider for example an electron field 

* = ipR ® e R + ijjR <g) e R + ip L ® e-L + tpL ® e L G JC. 

In this formula, the space-time field ipR has right-handed chirality and i/jl 
left-handed, and the notation ip R is used for the charge conjugate Jm4>r- 
The vectors e^, etc., are taken to be unit vectors. 
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Consider the action when the bosonic fields are the Minkowski space 
vacuum. The action can be expanded, using the form of the Dirac operator 
for a product geometry, D — D M <8> 1 + 7m <8> D F . The matrix M is a scalar 
here, and so one can write 

Dty) = (ij R , D M ip R ) + D M ~^ R ) + (fa, D M fa) + (fa, Dm^ l ) 

- iM(ipL, fa) + i~M($ L ,fa) + i~M(fa, fa) - iM$ R ^ L ). (1) 

The space-time inner product (ip, if)') = f fa' d 4 x in this formula obeys the 
relation 

once the anti-commutation of fermion fields is taken into account. This means 
that the fifth and eighth terms in (1) are equal, as are the sixth and seventh. 

In a similar way, the properties of the Dirac operator allow one to show 
that the kinetic terms are equal in pairs. The action reduces to 

^(tf , DV) = (fa, Dm^Pr) + (fa, D m ^l) - iM(ij L , fa) + iM(fa, fa), 

which is the usual formula for the Dirac action when m = —iM is a real 
number. 

For a neutrino field containing left- and right-handed neutrinos, 

* = i>R <8> vr + i> R v R + ip L <S> v L + ip L <S> V L G fC, 

the action has a Dirac kinetic and mass terms in the same way, but also an 
additional term 

-iH(ip R , fa) + iH(ipR, ip R ). 
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This term is a Majorana mass term. If the three generations are taken into 
account, the action contains the terms 

summing over j,k = 1,2,3. Due to the fact that (i^ R ,ip R ) = (i/) R , , 
this formula is compatible with the correct 3x3 symmetric matrix H for 
generation mixing. Therefore the Lorentzian model contains all the necessary 
ingredients for the see-saw mass generation mechanism for neutrinos. There 
is no Majorana term for the left-handed neutrinos. 

Note added: After finishing this work I learned that A. Connes has indepen- 
dently - and via different considerations - arrived at the same idea of modi- 
fying the internal geometry to have signature (KO-dimension) 6 to solve the 
fermion doubling and neutrino mass problems |CNEWj . 
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